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ABSTRACT

The Lapped Orthogonal Transform (LOT) [1] is a popu-
lar transform and has found many applications in signal
processing. Its extension, BiOrthogonal Lapped Transform
(BOLT), has been investigated in detail in {2]. In this paper,
we will study Lapped Unimodular Transform (LUT). All of
these three transforms are first-order matrices with FIR in-
verses. We will show that like LOT and BOLT, all LUTs can
be factorized into degree-one unimodular matrices. The fac-
torization is both minimal and complete. We will also show
that all first-order systems with FIR inverses can be min-
imally factorized as a cascade of degree-one LOT, BOLT,
and unimodular building blocks. However unlike LOT and
BOLT, unimodular filter banks of any order (which include
LUTs as a special case) can never have linear phase.

1. INTRODUCTION
Consider the first-order M x M matrix

A(z)=Ag+ Az L €))

Such a matrix is also known as a lapped transform. When
the matrix satisfies AT (z71)A(z) = I, it is called LOT [1]
[4]. The LOTs have been widely applied in various appli-
cations {1]. In this paper, we will study another class of
matrices, namely unimodular matrices. A causal FIR ma-
trix H(z) is unimodular if [det H(z)] = ¢ for some ¢ # 0.
Here we will assume that ¢ = 1 for notational simplicity.
When the unimodular matrix has order one as in (1), it will
be called lapped unimodular transforms (LUT). Causal FIR
unimodular matrices have the advantage that both their in-
verses and themselves are causal FIR matrices. If they are
used for the polyphase matrices of filter banks (FB), perfect
reconstruction (PR) can be obtained by FIR analysis and
synthesis filters.

The earliest paper that studied the relationship between
unimodular matrices and FIR PR FB is [3]. Using the
system-theoretic concepts, the authors showed a number of
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properties of causal FIR unimodular matrices. In particular,
the authors showed that there are examples of second-order
unimodular matrices that cannot be factorized into degree-
one unimodular matrices. Moreover it was showed that any
causal FIR matrix H(z) with [det H(2)] = cz L can be de-
composed into a product of a unimodular matrix and a pa-
raunitary (PU) matrix. Even though such a decomposition
is not necessarily minimal, it proved that all FIR PR FBs
can be captured by a PU matrix and a unimodular matrix.
In [2], the authors introduced the most general degree-one
unimodular system. The LUTs were characterized by some
matrices with eigenvalues equal to zero. However the fac-
torization of LUTSs was not studied.

It is well-known that unimodular matrices can be ex-
pressed as a product of elementary matrices (defined and
proved in [5]). Elementary matrices can be realized by us-
ing the lifting schemes [6] [7]. Lifting schemes enjoy the
advantages of having low complexity and being structurally
PR. That is, the FB continues to have PR even when the
lifting coefficients are quantized. However such a represen-
tation is not minimal and not unique.

In this paper, we will show that all LUTs can be factor-
ized into degree-one unimodular matrices. The factoriza-
tion is both minimal and complete. We will also show that
all first order systems with FIR inverses can be minimally
factorized as a cascade of degree-one LOT, BOLT, and uni-
modular building blocks. However unlike LOT and BOLT,
unimodular FBs of any order (including the LUT) cannot
have linear phase. As a potential application, we will show
how unimodular matrices can be used to get a vector DPCM
with FIR encoder and FIR decoder.

Notations and Definitions: Boldfaced upper and lower
case letters are used to denote matrices and vectors respec-
tively. For a causal polynomial A(z) = Ag + Az~ 1 +
...+ Anz=N with Ay # 0, its order is equal to N while
its degree is the minimum number of delay required to real-
ize the matrix. For example, the matrix A(z) defined in (1)
has order one while its degree is equal to the rank of A ;.



2. SOME PROPERTIES OF LUT

In this section, we will derive some properties of LUT that
will be useful for the derivation of its factorization.

Fact: Let A(2) = Ag+ Az  + ...+ Ay2z~" with

A # 0 be unimodular. Then we have (i) A y is singular;
(i1) A is nonsingular.
Proof: Suppose A~1(z) = B+ Byz7' + ...+ Bgz™X,
with By # 0. By simple multiplication, we have
AnBg = 0and AgBy = 1. This proves that A  is sin-
gular and A is nonsingular.

When the matrix A(z) = Ag + A;z~ ! is an LUT, then
Ay is nonsingular while A is singular. We can always
rewrite an LUT as

A(z) = Ao(I+Pz7Y),

for some singular matrix P and some nonsingular matrix
Ay. In the rest of the paper, we will focus on (I + Pz 71).
Linear Phase Unimodular Filter Banks? A filter bank
has linear phase if and only if its polyphase matrix E(z) =
Zi\io E;z~* possesses the symmetry property:

Eny_i = E;D,

where D is the anti-diagonal matrix:

0 ... 0 =1

0 ... £1 0
D=

1 0 0

These equations imply that the ranks of E y and Eq are the
same. This contradicts fact that for an unimodular FB, Eg
is nonsingular and E y is singular. Therefore, we conclude
that unimodular filter banks can never have linear phase.

Theorem 1 An M x M matrix of the form-(I + Pz~ 1) is
unimodular if and only if PM = 0. Moreover if K is the

smallest number such that PX = 0, then its inverse is given
by

I+ (~-P)z 1 4 (-P)2272 4 ... 4+ (-P)K 1=K+,

Proof: Suppose that (I + Pz~1) is unimodular. Then there
exists a causal FIR matrix B(z) = Y°~_, B;2~* such that

I+ PZ_l)(Bo +Bz7 4.+ BLZ_L) =L

After carrying out some algebraic calculation, we get
PL+1 = 0,and B; = (-P)ifori =0, 1, ..., L. On
the other hand, if PM # 0, then from matrix theory we
know that P? # 0 for all finite 4. Therefore if PM +#£ 0,
there does not exist any FIR inverse.
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One immediate consequence of the theorem is that the in-
verse of an LUT has an order of at most (M — 1). Using
the Schur’s unitary triangularization theorem [5], we can al-
ways writt P = TAT?, for some unitary matrix T and
some lower triangular matrix A. The diagonal elements
[A)i; are the eigenvalues of P. Since AM = 0 if and only
if all of these eigenvalues are zero, we have proved:

Corollary 1: An M x M matrix (I + Pz71) is unimodular
if and only if all eigenvalues of P are zero.

Remark: In [2], the authors consider first order degree-p
matrices of the form I — UV + UV*tz~1, where U and
V are M x p matrices. It is shown that such a matrix is
unimodular if and only if VU has all the eigenvalues equal
to zero.

3. FACTORIZATION OF LUT

We will first derive the most general degree-one unimod-
ular matrix and then show that all LUTs can be factor-
ized into these building blocks. From previous section,
we know A(z) = Ag + Ajz~! can always be written as
Ao[I + Pz71]. A(z) has degree one if and only if P has
rank one. Since P has rank one, P = uv' for some nonzero
vectors u and v. From Theorem 1, we know that [I+Pz 1]
is unimodular if and only if PM = 0. Using the fact that
PM = (viu)™~!.uvt, we conclude that viu = 0. Hence
the most general degree-one unimodular matrix is a cascade
of a nonsingular matrix A and a building block D(z) of
the form:

D(z) =I+uviz"!, viu=0. 2)

Its inverse is given by D™1(2) = D(—2) = I —uviz~1,
which is also a degree-one unimodular system. Using D(z)
as a building block, we are now ready to show the factoriza-
tion of LUTs.

Theorem 2 The M x M matrix A(z) = Ao+ A z7tisa
degree-p LUT if and only if it can be expressed as

A(Z) = AoDo(Z)Dl(Z) . Dp_l (Z), (3)

where D;(z) I+ u,-v;.'z‘1 and Ay is nonsingu-
lar. The vectors u; and v; are such that (i) both U =
(up uy ... up_q]and V. = [vg vy ... V,_1] have full
rank; (ii) their product satisfies (here ‘X’ denotes the don’t-
care term):

0 0 O 0
x 0 0 0

viu=[x x 0 0 )
X X X 0



Proof: If A(z) can be expressed as the product in (3) and
(4), it is not difficult to verify that it is a degree-p LUT.
Suppose that A(z) is a LUT, then it can be rewritten as
A(z) = AoP(z), where P(z) = [I + Pz71]. As A(2)
has degree p, rank of P is also p. So there exist M x p ma-
trices U and V such that P = UV, From Corollary 1, we
know that P has all the eigenvalues equal to zero. Therefore
the p x p matrix V1U has all the eigenvalues equal to zero
(since any nonzero eigenvalue of AB is also an eigenvalue
of BA.) Using Schur’s unitary triangularization theorem,
we can find a p X p unitary matrix T such that

TIVIOT = A,

for some lower triangular matrix A with all the diagonal
elements equal to zero. Letting U = UT and V = VT,
one can verify that

I1+Pz!
=1+ UVt
=I+ UV

= [I + uovgz_l] ... [I + u,,_lv;_lz—]],

where the vectors u; and v; are obtained from U
(o w u,y)and V= (vo vi Voo1).
Note that the number of degree-one building blocks in the
factorization (3) is equal to p, the degree of the LUT. Hence
such a factorization is minimal.

A note on the degree of cascasde of unimodular sys-
tems: It is well known if we cascade two causal PU matri-
ces of degree p; and p», the resulting system is a causal PU
system with degree p; + p2. The same is true for the class
of CAusal Fir matrix with AntiCAusal Fir Inverse (CAFA-
CAFI) [2]). For unimodular matrices, this is no longer true.
For example, if we cascade two degree-one unimodular sys-
tem, namely D(z) as in (2) and D(—z), the resulting system
is the identity matrix which has a degree of zero! Therefore
cascading more unimodular systems does not always result
in an unimodular system with a higher degree. However in
the LUT case, the degree-one system D;(z) in (3) cannot
cancel each other, since if they do, the cascade system will
have a degree smaller than p.

Degrees of freedom: Any M x M degree-p LUT system
is characterized by (3). The constant matrix Ao has M?
elements, and the 2p vectors u; and v; have 2M p elements,
but there are 0.5p(p + 1) constraints in (4). Therefore the
degrees of freedom are given by M2 +2Mp—0.5p(p+1).

A unfactorizable unimodular matrix: Though all first or-
der unimodular matrices (LUTs) are factorizable, there are
unfactorizable unimodular matrices with order greater than
one. One of such examples is

G(z) =I+abfz7F,
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where bfa = 0 and L > 2. One can verify that G(z)
is unimodular and its inverse is given by I — abz=L. Tts
degree is equal to L. In fact we can show that we are not
able to extract any degree-one unimodular building block
from G(z). To see this, suppose that we can extract one
D(z) from the right hand side. Then G(z) = B(2)D(z2),
where B(z) is a causal unimodular matrix with degree L—1.
Letting B(z) = I+B; 27! +.. .+Bp_;2~ '+ and carrying
out the multiplication, we find that

G(z) = B(2)D(z)
=I+...+ B+ By _ouvh)z 2t 4 By _juvizL.

Comparing the coefficients of the z=%+1 and z—L terms, we
get

Br_1+Bi_suvi =0
B._juvi = ab! #0.

Multiplying u to the right of the first expression, we get
B;_;u=0asviu = 0. This implies that ab¥ = 0, a con-
tradiction! Similarly, we can show that we cannot extract
any degree-one block from the left hand side of G(z).

A different characterization of LUT: 1n [2], a different
degree-one unimodular system is introduced. It has the form

ﬁ(z) =T-uvl +uvliz7!, viu=0.

Comparing D(z) with D(z) in (2), one can verify that
ﬁ(z) = (I — uvt)D(2). In [2], it is shown that the first-
order system I — UVt + UV?fz~1 is unimodular if and
only if the p x p matrix VU has all the eigenvalues equal
to zero. Using an approach similar to the proof of Theorem
2, one can also factorize LUTSs into D(z). It is not difficult
to show that A(z) = Ag+ A 27} is a degree-p LUT if and
only if

A(z) = A(1)Do(2)D1(2) ... D,_1(2),

where Dy (2) =1 — ukv;'c + ukv;rcz_l, and the vectors uy

and vy, satisfy (4).

4. LOT, BOLT, AND LUT

In this section, we will compare three classes of first-order
systems, namely Lapped Orthogonal Transform (LOT)
[1] [4], BiOrthogonal Lapped Transform (BOLT) [2] and
Lapped Unimodular Transform (LUT). All of these trans-
forms are first order matrices with FIR inverses. They can
respectively be factorized into the following three different
degree-one building blocks:

-1 i

Bi(2)=1- vkv;’c +vpvizTt, vive =1
Cr(z) =1- ukv;fC + ukv,tz_l, u};vk =1;
Di(2) =1 — wvl +upviz1 ulvy =0.



Note that Bg(z), Ck(z), and Dg(z) are respectively
degree-one PU, CAFACAF], and unimodular matrices.
Combining the above results and those in [1] [4] [2], we
can summarize the factorization theorems for LOT, BOLT
and LUT as follows:

Theorem 3 Consider the first-order degree-p system
A(z)=Apg+ Azl Itis

1. an LOT if and only if A(z) = A(1l) Bo(z) B1(z)
. B,—1(2), where the vectors vy, are such that
Vovi ... volflvovs ... voil =1, [1] [4);

. an BOLT if and only if A(z) = A(1) Cy(z) C1(z)
. C,-1(2), where the vectors uy and vy, are such
that [vo vi ... vo_1)flug uy ... u,_y] = A for
some lower triangular matrix with all diagonal ele-
ments equal to one [2];

an LUT if and only if A(z) A(1) Dy(2)
Di(z) ... D,_1(z), where the vectors uy (in-
dependent) and vy (independent) are such that
Vo vi .. vpo)fup us ... w,4] = A for some
lower triangular matrix with all diagonal elements
equal to zero.

First-order FIR system with FIR inverse: Consider a
degree-p system A(z) = Ag + Az~ If [det A(2)] =
2~ for some integer L, then it has an FIR inverse. It has
been shown in [2] that such a system can always be charac-
terized as:

A(R) = AM[1- TV + TV,

where U and V are M X p matrices such that the eigen-
values of their product ViU are either one or zero. Us-
ing Schur’s triangularization theorem, we can find unitary
T such that T'VIUT = A, where A is a lower tri-
angular matrix with its diagonal elements equal to either
one or zero. Let V = [vg vy ... v,_1] = VT and
U=[uwu ... up_l] = UT. Then one can verify that
the matrix A (z) can be decomposed as

A(z) = Eo(2)Ei(2) ... E,o1(2),

where

Bi(z) ifug = vy,
C(2) ifv,tuk =1,
Dy(z) ifviu =0.

Ek(z) =

5. VECTOR DPCM WITH FIR ENCODER AND
DECODER

In a vector DPCM, we want to find the matrices P, such
that the variance of the following prediction error vector is
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minimized.
e(n)=x(n)+Pix(n—-1)+...+Prx(n - L).

The optimal solution is well known and can be obtained
by solving the normal equations [8]. The transfer function
P(z) =1+ Pyz7! + ... + Prz~L is known as the pre-
diction error polynomial [8]. At the decoder, we need to
implement the inverse P~!(z). Though it is always stable
[8], P~1(2) is in general IIR. In some applications, FIR
systems might be preferred. In this case, one can constrain
P(z) to be unimodular. One way to do this is to assume
that P(2) = Do(2)D1(2)...Dn(2). This is in general
a loss of generality as there are unfactorizable unimodular
systems. Then under the constraint vLuk = () the vectors
u;, and v can be optimized so that the variance of e(n) is
minimized. In the special case of one-step prediction, P(z)
becomes an LUT and it can always be expressed as in (3).
Therefore unlike scalar DPCM, a vector DPCM codec can
have FIR encoder and FIR decoder!

6. REFERENCES

[1] H. S. Malvar, Signal processing with lapped trans-
forms, Artech House, Norwood, MA, 1992.

[2] P. P. Vaidyanathan and T. Chen, “Role of Anticausal
Inverses in multirate filter banks — Part II: The FIR
case, factorizations and biorthogonal lapped trans-
forms,” IEEE Trans. Signal Processing, pp. 1103—
1115, May 1995.

[3] P. P. Vaidyanathan, “How to capture all FIR perfect

reconstruction QMF banks with unimodular matrices,”
in Proc. IEEE ISCAS, pp. 2030-2033, New Orleans,
May 1990.

[4] P. P. Vaidyanathan, Multirate systems and filter banks,

Prentice-Hall, 1993.

[5]1 F. R. Gantmatcher, The theory of matrices, vol. 1,
Chelsa Publishing Co., 1959.

[6] W. Sweldens, “The lifting scheme: A custom-design
construction of biorthogonal wavelets,” Appl. Comput.
Harmon. Anal, vol. 3, nr. 2, pp. 186-200, 1996.

[7] A.R. Calderbank, I. Daubechies, W. Sweldens and B.
Yeo, “Lossless image compression using integer to in-
teger wavelet transforms,” in Proceedings of IEEE Int.
Conf. on Image Proc., pp. 596, 1997.

[8] A. Gersho, and R. M. Gray, Vector quantization and
signal compression, Klewer Academic Press, 1992.

Acknowledgement: The authors would like to thank the-
DSP Group at Caltech for their interest and comments on
the topic.



