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Hybrid MIMO-OFDM Beamforming for Wideband
mmWave Channels Without Instantaneous Feedback

Yuan-Pei Lin , Senior Member, IEEE

Abstract—In this paper, we consider the design of statisti-
cal multiple-input-multiple-output orthogonal frequency division
multiplexing (MIMO-OFDM) beamformers for millimeter wave
(mmWave) channels. The transmitter designs the subcarrier beam-
formers based on the statistics of the channel, without instanta-
neous channel information. To overcome the radio frequency (RF)
limitation in mmWave application, the subcarrier beamformers
are implemented in a hybrid structure, which imposes constraints
on the design of subcarrier beamformers. We analyze the uncon-
strained statistical subcarrier beamformers using spectral analy-
sis of the subcarrier channels. The analysis shows that, for each
subcarrier channel, the optimal statistical beamformer is approxi-
mately a linear combination of optimal statistical beamformers for
some appropriately defined narrowband single-cluster subchan-
nels. The result suggests a design of the subcarrier beamformers
that can be readily implemented in a hybrid structure. Further-
more, a hybrid design for the receiver is proposed based on the
concept of vector quantization. Simulations are given to show that
the use of a hybrid beamforming structure incurs a minor degrada-
tion in transmission rate. With three RF chains, the performance
is close to that of all digital statistical beamforming.

Index Terms—Hybrid precoding, wideband mmWave, statisti-
cal precoding, hybrid multiple-input-multiple-output orthogonal
frequency division multiplexing (MIMO-OFDM).

I. INTRODUCTION

THE performance of a MIMO system is known to improve
with the number of antennas at the transmitter and receiver.

Recent advances show that it is feasible to pack a large number
of antennas in a small area, particularly in mmWave communi-
cation systems that use small wavelengths [1]. However cost and
power constraints often prohibit having one dedicated RF chain
for each antenna [2]. A promising technique to overcome the
RF limitation is the so called hybrid scheme [3], [4], in which
analog processing of RF signals is combined with digital pro-
cessing in the baseband. Analog RF processing, due to power
and complexity consideration, is typically implemented using
phase shifters and the elements of the analog precoder are of
unit modulus [5], [6]. Recently, it is shown in [7]–[9] that if two
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phase shifters are used to implement each coefficient of the RF
beamformer, the design of RF beamformers can be free from
the unit modulus constraint.

Limited feedback for MIMO systems have been studied ex-
tensively [10]–[17]. Efficient feedback of channel information
in massive MIMO systems, where a large number of antennas, is
all the more important. To reduce the amount of feedback infor-
mation in massive MIMO systems, antenna response vectors are
used in [3], [4] as the column vectors of the RF precoders. Prod-
uct codebook design is suggested in [18] for uniform planar ar-
rays (UPA). A joint design of RF precoders and subcarrier base-
band precoders is considered in [19] for MIMO-OFDM with
limited feedback. In the context of feedback consideration, sta-
tistical beamforming and precoding [20]–[23], designed based
on the channel statistics, have been proposed in the literature.
A statistical design requires infrequent update of channel statis-
tics but not instantaneous feedback. Optimal beamforming for
maximizing the average capacity of Rayleigh fading channels is
designed in [20]. Optimal statistical beamforming is considered
in [21] for a useful class of channels. Solutions of statistical
beamforming on the Grassmann manifold for two-user broad-
cast channel are given in [22]. Channel covariance matrices are
exploited in [23]–[25] to reduce the dimension of channel state
information in multiuser transmission. Hybrid MIMO-OFDM
is designed in [26] by constructing the RF precoder based on
statistics and the baseband precoder based on the instantaneous
channel. It is generally assumed that the receiver has the chan-
nel information. Channel estimation for mmWave channels has
been addressed in [27], [28]. Algorithms for the estimation of
wideband mmWave channels are proposed in [29], [30].

In this paper we consider statistical narrowband and wide-
band MIMO-OFDM beamforming for point-to-point mmWave
transmission with UPAs. The transmitter knows only the statis-
tics of the channel but not instantaneous channel information.
We first design statistical beamformers for narrowband trans-
mission and then consider the extension to the wideband case.
The wideband MIMO-OFDM differs from the narrowband case
in that a beamformer is used for each subcarrier but the subcar-
rier beamformers are constrained due to limited RF chains. Each
subcarrier beamformer consists of an RF precoder that is com-
mon to all the subcarriers and a baseband digital beamformer
that is subcarrier dependent. We design the subcarrier beam-
formers based on spectral analysis of the covariance matrices
of the subcarrier channels. A multi-cluster channel is decom-
posed into multiple single-cluster subchannels. We will see that
the dominant eigenvector of each of the subcarrier covariance
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matrix is approximately a linear combination of the dominant
eigenvectors of the single-cluster subchannels. The observation
lends itself to the design of subcarrier beamformers that can be
readily implemented in a hybrid structure. Using these dominant
eigenvectors to form the RF precoder allows us to form beams in
directions that are more important statistically. As a result there
is little degradation due to RF limitation. Furthermore, simi-
larity is observed between the design of RF combiner and that
of vector quantization, which leads to a hybrid design for the
MIMO-OFDM receiver. With three RF chains, the constrained
statistical beamforming system can achieve a rate close to that
of a fully digital statistical beamforming system, in which each
antenna is endowed with an RF chain. Some preliminary results
on the narrowband case has been published in [31].

The main contributions are summarized as follows. For a hy-
brid MIMO-OFDM system, beamforming based only on statis-
tics is proposed. Statistical beamforming has been proposed
for narrowband systems [20]–[23], but not for hybrid MIMO-
OFDM systems, for which the RF limitation poses new design
challenges. The proposed RF precoder and baseband subcar-
rier beamformers are determined from statistics alone, thus less
feedback overhead is needed. Spectral analysis of the covari-
ance matrices of subcarrier channels reveals that the subcarrier
statistical beamformers can be readily expressed in a hybrid
manner. The finding gives rise to an algorithm for designing the
RF precoder from the statistics in a straightforward manner; the
design of the RF precoder does not involve the computation of
all instantaneous subcarrier channels as in [19], [26]. We have
also proposed the design of a hybrid MIMO-OFDM receiver,
the design of which has not been addressed in earlier works.

Notation: The variance of a random variable x is denoted as
σ2

x and the expectation of x by E[x]. The 2-norm of a vector f
is denoted as ||f ||. The notation A† represents the transpose and
conjugate of a matrix A.

II. SYSTEM MODEL: NARROWBAND TRANSMISSION

Consider a MIMO channel with Nt transmit antennas and
Nr receive antennas, represented by an Nr × Nt matrix H. We
adopt the clustered geometric channel representation that is use-
ful for modeling mmWave propagation [32]. Suppose the chan-
nel consists of Ncl cluster and the �th cluster contains L� rays,

H = γ

Nc l∑

�=1

L�∑

i=1

α�,iar (φr
�,i , θ

r
�,i)a

†
t(φ

t
�,i , θ

t
�,i), (1)

where γ =
√

NtNr/
∑Nc l

�=1 L� is a normalization factor, α�,i ,
denoting the complex gain of the ith ray in the �th cluster,
are assumed to be independent random variables of zero
mean. The azimuth (elevation) angle1 of departures (AoD)
are denoted by φt

�,i (θt
�,i) and the azimuth (elevation) angle

of arrival (AoA) by φr
�,i (θr

�,i). The angles of departure φt
�,i

(θt
�,i) are independent, of mean φ

t
� (θ

t
�) and standard deviations

1The elevation angle of a ray is the angle between the ray and the z-axis
whereas the azimuth angle is the angle between the x-axis and the orthogonal
projection of the ray on the xy-plane.

(also called angular spread) σφt
�

(σθt
�
). The complex gain

α�,i , AoD and AoA are assumed to be independent. The
vectors at(φt

�,i , θ
t
�,i) and ar (φr

�,i , φ
r
�,i) are, respectively, the

transmit and receive antenna array response vectors. The array
response vector for an UPA arranged on the yz-plane with size
Nz × Ny (Nz in the z-direction and Ny in the y-direction) is
given by [a(φ, θ)]m+nNz

= 1√
Ny Nz

ejξ(m cos(θ)+n sin(θ) sin(φ)) ,

for 0 ≤ m < Nz and 0 ≤ n < Ny , where ξ = 2πd and d is the
antenna spacing normalized by the wavelength. When Ny = 1,
the antenna array becomes a uniform linear array (ULA) along
the z-axis. We assume the transmit antenna array is Nt,z × Nt,y .

Let the transmitted symbol be s and the Nt × 1 transmit
beamformer be f , then the transmission power is Pt = ||f ||2σ2

s .
The output of the receiver is r = g†Hs + g†n, where g is the
Nr × 1 receive combiner, n is the Nr × 1 channel noise vec-
tor. Assume the elements of n are independent, of variance
N0 and zero mean, and the beamformer and the combiner are
normalized such that ||f || = 1 and ||g|| = 1, then the output
SNR is SNR = Pt

N0
|g†Hf |2 . The transmission rate is given by

log2(1 + SNR).

III. STATISTICAL BEAMFORMING

The transmitter knows only the statistics of the channel, but
has no instantaneous feedback of the channel information. The
beamformer f is designed based on the statistics. The receiver
has the channel information and knows the statistical beam-
former used at the transmitter. In this case, the optimal combiner
is g = Hf . Averaging the SNR over the random channel, we
get

E[SNR] =
Pt

N0
E[||Hf ||2 ]. (2)

To maximize the average SNR, we design the statistical beam-
former to solve the following problem: maxf s.t. ||f ||=1 f †Σtf ,
where Σt = E[H†H]. The optimal beamformer is the unit
eigenvector of the transmit covariance matrix Σt that corre-
sponds to the largest eigenvalue. In what follows we show that
for the channel model given in (1), the matrix Σt can be approx-
imated in a closed form when the angular spreads are small.

Notice that the channel in (1) can be written in a matrix
form as

H = γ

Nc l∑

�=1

Ar,�D�A
†
t,� , (3)

where At,� is the Nt × L� matrix whose column vectors are the
transmit antenna array response vectors corresponding to the
�th cluster: at(φt

�,1 , θ
t
�,1), . . . ,at(φt

�,L�
, θt

�,L�
), whereas Ar,� is

the Nr × L� matrix whose column vectors are the L� receive
antenna array response vectors. The matrix D� , of size L� × L� ,
is diagonal with diagonal elements α�,1 , α�,2 , . . . , α�,L�

.
Lemma 1: Consider the clustered channel H in (1). The

transmit covariance matrix Σt = E[H†H] is given by

Σt = γ2
Nc l∑

�=1

σα2
�
C� , where C� = E

[
At,�A

†
t,�

]
. (4)
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In particular

[Σt ]m+nNt , z ,q+kNt , z
=

γ2

Nt

Nc l∑

�=1

σ2
α�

L�μ�(m − q, n − k), (5)

for 0 ≤ m, q < Nt,z and 0 ≤ n, k < Nt,y , where μ�(m,n) =
E[ejξ(m cos θt

� , i +n sin θt
� , i sin φt

� , i ) ].
See Appendix A for a proof. The function μ�(m,n) depends

on the statistics of the AoD.
Theorem 1: When the angular spreads σθt

�
and σφt

�
are small,

the transmit covariance matrix can be approximated by

[Σt ]m+nNt , z ,q+kNt , z

≈ γ2

Nt

Nc l∑

�=1

L�σ
2
α�

ejξ((m−q) cos θ
t

� +(n−k) sin θ
t

� sin φ
t

� ))

× νΔθt
� , 1

(
−(m − q)ξ sin θ

t
� + (n − k)ξ cos θ

t
� sin φ

t
�

)

× νΔφt
� , i

(
(n − k)ξ sin θ

t
� cos φ

t
�

)
, (6)

for 0 ≤ m, q < Nt,z and 0 ≤ n, k < Nt,y , where Δθt
�,1 =

θt
�,1 − θ

t
� , Δφt

�,1 = φt
�,1 − φ

t
� , and νx(β) = E[ejβx ].

A proof is given in Appendix B. Note that both Δθt
�,i

and Δφt
�,i are zero-mean random variables, for which trun-

cated Laplacian and Gaussian distributions have been suggested
[33][34]. In the case of truncated Laplacian distribution, we can
verify that

νx(β)=
1

c0

(
1 + β 2 σ 2

2

)
[
1 + e−

π
√

2
σ

(
βσ√

2
sin(βπ) − cos(βπ)

)]
,

(7)
where c0 = 1 − e−π

√
2/σ is a constant, whereas for Gaussian

distribution, we have

νx(β) = 1 +
(βσ)2

2

(√
2π

c1σ
e−π 2 /(2σ 2 ) − 1

)
, (8)

where c1 = 1√
2π

(Fg (π/σ) − Fg (−π/σ)) and Fg (x) is the CDF
of a zero-mean Gaussian random variable with unit variance.

With the above closed-form approximation of Σt , the beam-
forming vector can be computed accordingly. The derivations
of (6) are based on the first-order Taylor series approximations
of sin(x) and cos(x) for small x, where x is Δθt

�,i or Δφt
�,i . The

approximations are accurate with up to % 2 error for |x| < π/9.
The probability that |x| is larger than 4 times its standard de-
viation is less than 0.7% for the Laplacian case and less than
0.0063% for the Gaussian case. Therefore the approximation
is a good one when the standard deviation is less than π/36,
i.e, 5◦. Although the derivation of Σt in Theorem 1 requires
the assumption that the angular spreads are small, simulation
examples will be given to demonstrate that the approximation is
accurate and the resulting beamformer useful even for larger an-
gular spread. When Ny = 1, the antennas form a uniform linear
array (ULA) along the z-axis and the results derived for UPA are
valid for ULA as well by setting Ny = 1. The autocorrelation of
the vectorized channel for a single-cluster case has been derived

in [38] using a similar approach for ULA and uniform circular
array.

To analyze the theoretical performance of the statistical beam-
former, let us consider a channel that has only one cluster
of a single ray and the antenna array is ULA. In this case
H = αar (θr )a†

t(θt). When the transmitter has full channel in-
formation and employs optimal beamforming, the average SNR
in (2) becomes E[SNRopt ] = Pt σ

2
α

N0
. For the statistical beam-

former, the average SNR in (2) is given by E[SNRstat ] =
Pt σ

2
α

N0
E[|a†

t(θ
t)f |2 ]. The ratio of the two ρ = E[|a†

t(θ
t)f |2 ] re-

flects the SNR loss of statistical beamforming compared to op-
timal beamforming.

Theorem 2: Consider the channel in (1) with a single ray
and ULA antenna arrays. Suppose the angular spread is small.
When the mean AoD θ

t
is such that sin(θ

t
) ≈ 0, we have ρ ≈

1. Otherwise, the SNR loss has the approximate lower bound
ρ � ρl when θt is of the truncated Laplacian distribution and
ρ � ρg when θt is of the truncated Gaussian distribution. The
bounds ρl and ρg are, respectively, given by,

ρl = 1 − 1
12

ζ2 +
1
12

e−
√

2π/ζ
(
π2 +

√
2πζ + ζ2 − 12

)
,

ρg = erf

(
π√
2ζ

) (
1 − ζ2/12

)
+

√
π

6
√

2
ζe−(π/ζ )2 /2 , (9)

where ζ = ξNtσθt sin(θ
t
) and the error function erf(x) is de-

fined as 2√
π

∫ x

0 e−t2
dt.

In either Laplacian and Gaussian case, the lower bound de-
pends on ζ i.e, depends on the antenna size Nt , the mean AoD θ

t

and angular spread σθt . Simulations show that the lower bound
gives a good estimate of the actual loss.

Magnitude response of the beamformer: To better under-
stand the derived statistical beamformer, we look into the
beamformer design from the frequency domain point of view.
Let us re-index the beamforming coefficients as an array
fm,n , for 0 ≤ m < Nt,z and 0 ≤ n < Nt,y . Let F (ω1 , ω2) =∑Nt , z −1

m=0
∑Nt , y −1

n=0 fm,ne−j (mω1 +nω2 ) be the Fourier transform
for the two-dimensional sequence fm,n . The expression of
Σt given in (4) means that the average SNR is of the form
E[SNR] = γ2 Pt

N0

∑Nc l

�=1 σα2
�
E[||A†

t,�f ||]. Observe that the i-th

element of the vector A†
t,�f is equal to 1√

Nt
G(φt

�,i , θ
t
�,i), where

G(φ, θ) = F (ξ cos(θ), ξ sin(θ) sin(φ)) is the array factor [35].
As θt

�,i and φt
�,i are identically distributed for i = 1, 2, . . . , L� ,

we have

E[SNR] =
γ2Pt

N0Nt
E

[
Nc l∑

�=1

L�σ
2
α�
|G(φt

�,1 , θ
t
�,1)|2

]
. (10)

This implies that to maximize the SNR, we are to design f
so that |G(φ, θ)| is large in a more likely range of (θ, φ). We
will see in simulations that |F (ω1 , ω2)| has peaks at frequencies
corresponding to the means of the AoD.

Spectral analysis: Notice that from (6) the average SNR
can be expressed as E[SNR] = Pt

N0
f †

∑Nc l

�=1 σ2
α�

C�f . We can
expect that the eigenvectors of C� that correspond to
the first few most significant eigenvalues are filters with
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Fig. 1. A hybrid MIMO-OFDM beamforming system.

passband around (ξ cos(θ̄t
�), ξ sin(θ̄t

�) sin(φ̄t
�)). Approximate

C� as C� ≈ V�Λ�V
†
� , where Λ� is diagonal matrix whose di-

agonal elements are the first few dominant eigenvalues of C�

and V� is a semi-unitary matrix that consists of the eigenvec-
tors corresponding to the eigenvalues contained in Λ� . With the
above approximation of C� , we have

Σt ≈ γ2
Nc l∑

�=1

σ2
α�

V�Λ�V
†
� . (11)

Let V =
(
V1 V2 · · ·VNc l

)
. We can rewrite (11) as Σt ≈

VΛV†, where Λ is a diagonal matrix whose diagonal elements
are those of σ2

α�
Λ� . Thus the optimal statistical beamformer is

a linear combination of the vectors in V and its Fourier trans-
form F (ω1 , ω2) may have multiple passbands, depending on
the linear combination coefficients. This property can be ex-
ploited in Sec. V to design hybrid beamformers for wideband
MIMO-OFDM systems. It has also been observed in [36] that
the optimal beamformer for a given instantaneous channel is
a linear combination of eigenvectors corresponding to individ-
ual clusters. Steering based on the dominant clusters has been
considered in [37].

Remark: When there are multiple clusters and the clusters are
well separated, i.e., the AoD cluster means spatially separated,
the beams of the dominant eigenvectors of different clusters
do not overlap and they are almost orthogonal, particularly so
when Nt is large. That is, V†

�Vm ≈ 0 for � �= m. In this case
V is approximately semi-unitary and VΛV† is an approximate
eigen decomposition of Σt . The optimal statistical beamformer
is a column vector of V and the optimal solution in the multi-
cluster case is the similar to the solution corresponding to a
certain cluster.

IV. SYSTEM MODEL: WIDEBAND TRANSMISSION

In the narrowband case the time delays of different clusters are
small compared to the sampling period Ts and the time delays
are ignored. For wideband transmission, the delays of different
clusters need to be taken into consideration. With sampling
period Ts , a wideband geometric channel model of Ncl clusters
is of the form [32]

Ht(n) = γ

Nc l∑

�=1

L�∑

i=1

α�,ip(nTs − τ�,i)ar (φr
�,i , θ

r
�,i)a

†
t(φ

t
�,i , θ

t
�,i),

(12)

where α�,i , γ, at(φt
�,i , θ

t
�,i) and ar (φr

�,i , θ
r
�,i) are as in (1). The

function p(t) represents the lumped pulse shaping functions of
the transmitter and receiver, and τ�,i is the delay associated with
the ith ray in the �th cluster. The inter-symbol interference due
to multipath can be removed through the insertion of proper
cyclic prefix and applying DFT and IDFT in MIMO-OFDM.
Let the DFT size be M and the length of cyclic prefix be Ncp .
When Ncp is longer than the largest time delay, the equivalent
channel of the kth subcarrier is

H(k) =
1√
M

Nc p∑

n=0

Ht(n)e−j2πkn/M , k = 0, 1, . . . ,M − 1.

(13)
Achieving the optimal beamforming gain requires as many RF
chains as antennas. In practice the number of RF chain is lim-
ited and a hybrid structure, as shown in Fig. 1, can be used to
reduce the degradation due to the RF chain limitation [19]. The
number of RF chains at the transmitter Nt

rf is usually much
smaller than the number of antennas Nt . The equivalent subcar-
rier beamformers are of the form [3][19]

f(k) = Frf fbb(k), (14)

where Frf is an Nt × Nt
rf matrix that represents the RF ana-

log processing, as shown in Fig. 1, and fbb(k) is the Nt
rf × 1

baseband beamformer of the kth subcarrier before the IDFT.
Similarly, at the receiver we have an RF combiner Grf and
baseband subcarrier combiners gbb(k). When the transmission
power is Pt and all the transmitted symbols are of the same
variance, the SNR of the kth subcarrier is

SNR(k) =
Pt

N0

|g†
bb(k)G†

rf H(k)Frf fbb(k)|2
||g†

bb(k)G†
rf ||2 ||Frf fbb(k)||2 . (15)

The achievable sum rate is
∑M −1

k=0 log2(1 + SNR(k)).

V. BEAMFORMING FOR WIDEBAND MIMO-OFDM SYSTEMS

Consider the wideband channel model in (12) and the MIMO-
OFDM system in Fig. 1. In what follows we will first examine
the subcarrier channels and approximate them as narrowband
clustered channels like the one given in (1). Based on this re-
sult, a statistical design of hybrid subcarrier beamformers is
given (Sec. 5.1). The design of hybrid combiners is addressed in
Sec. 5.2.
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We can write τ�,i = τ � + Δτ�,i , where τ � is the mean de-
lay of the �th cluster and Δτ�,i is the delay relative to τ � .
Assume, reasonably, that the rays in the same cluster have
small time delay variations. In particular, when Δτ�,i << Ts ,
we have p(nTs − τ�,i) ≈ p(nTs − τ �). Defining p�,k as p�,k =∑Nc p

n=0 p(nTs − τ �)e−j2πkn/M , we get

H(k) ≈ γ

Nc l∑

�=1

L�∑

i=1

β�,i,kar (φr
�,i , θ

r
�,i)a

†
t(φ

t
�,i , θ

t
�,i), (16)

where β�,i,k = α�,ip�,k . We observe that the right hand side
of the above equation is of the form in (1); each H(k) is a
narrow-band geometric clustered channel as in (1). For the kth
subchannel, the complex gain of the ith ray in the �th cluster
is β�,i,k , which depends on α�,i and also on the M -point DFT
of p(nTs − τ �). It follows that σ2

β� , i , k
= σ2

α�
|p�,k |2 . Due to the

DFT and IDFT in OFDM, the clusters of different time delays
are spread to all frequency bins to form narrowband subcarrier
channels. The spreading is affected by |p�,k |2 and differs from
subcarrier to subcarrier.

A. Design of Hybrid Beamformers

Given the statistics of the channel, we can design statistical
beamformers for each subchannel H(k) as in Sec. 3. However
the resulting statistical beamformers can not be implemented in
a hybrid manner as in Fig. 1; they require a fully digital imple-
mentation in general. In the hybrid structure, the beamformers
are of the form in (14); only the baseband processing fbb(k)
varies from subcarrier to subcarrier and Frf is common to all
the subcarriers. Therefore each subcarrier beamformer f(k) is
constrained to be a linear combination of the column vectors
of Frf . In what follows, a statistical approach to the design of
the RF precoder Frf and baseband beamformers fbb(k) is given
below.

Assume the receiver knows the channel, which can be esti-
mated using algorithms developed for mmWave channels [29],
[30]. Suppose the receiver combining vector g(k) is not con-
strained by the hybrid structure and g(k) = H(k)f(k), for a
given f(k). The SNR maximization problem for the k-th sub-
carrier is

max
f (k) s.t. ||f (k)||=1

f(k)†Σt(k)f(k),

where Σt(k) = E[H†(k)H(k)]. (17)

Notice that Σt(k) can be expressed as

Σt(k) = γ2
Nc l∑

�=1

σ2
α�
|p�,k |2C� ,

whereC� = E[At,�A
†
t,� ] is as defined in (4). As in Sec. 3, we ap-

proximate C� as C� ≈ V�Λ�V
†
� , where the diagonal elements

of Λ� are in non increasing order, λ�,1 ≥ λ�,2 ≥ · · · , and the
column vectors of V� are {v�,i}. Thus Σt(k) ≈ γ2VΛ(k)V†,
where Λ is a diagonal matrix whose diagonal elements are those
of σ2

α�
|p�,k |2Λ� and V =

(
V1 V2 · · ·VNc l

)
. Notice that V

does not depend on k, only Λ(k) does. The dominant eigen-

Algorithm 1: Design of Frf .

The algorithm finds a set S. The vectors in S are used to
form the matrix Frf .
1. Initialization:

Let S be an empty set.
Nd := �Nt

rf /Ncl	
T := {1, 2, . . . , Ncl}

2. Construction of S:
Add the first Nd column vectors of V� to S for
� = 1, 2, . . . , Ncl .
for k = 1 : Nt

rf − NdNcl do
j := argmaxm∈T σ2

αm
λm,Nd +1

Add vj,Nd +1 to S
Remove j from T

end for
3. Use the vectors in S as the column vectors of Frf .

vector of Σt(k) is approximately a linear combination of the
column vectors of V. The linear combination is different for
different subcarriers due to the factor |p�,k |2 . This observation
suggests the following: we can use the column vectors in V to
construct Frf . Having chosen Frf , we can then design the linear
combination coefficients for the kth subcarrier, i.e., fbb(k). Thus
the beamformer of the kth subcarrier f(k) can be expressed as
f(k) = Frf fbb(k), a form that can be implemented using a hy-
brid structure. Algorithm 1 gives a procedure to choose column
vectors of V to form Frf . In the case the number of RF chains
is the same as that of clusters, we can collect the first vector of
V� to form Frf . Otherwise priority is given to those v�,1 that
are associated with a larger σ2

α�
λ�,1 , which is the value that de-

termines the average SNR when the channel consists of a single
cluster.

For a given Frf , the effective channel becomes
H(k)Frf . The SNR maximization in this case is maxfb b (k)

f †bb(k)F†
rf Σt(k)Frf fbb(k), subject to ||Frf fbb(k)|| = 1. The

optimal fbb(k) is given by (a proof given in Appendix D)

fbb(k) = Q−1/2b(k)/||Frf Q−1/2b(k)||, (18)

where Q = F†
rf Frf and b(k) is the eigenvector of (Frf

Q−1/2)†Σt(k)Frf Q−1/2 that corresponds to the largest eigen-
value.
Remarks:

1) When the clusters are separated, V†
�Vm ≈ 0 for � �= m as

in the narrowband case. Thus, we have F†
rf Frf ≈ cINr f

, which
generally holds when Nt is large. Then the solution of fbb(k)
in (18) becomes the dominant eigenvector of F†

rf Σt(k)Frf

with norm normalization. In this case, we can extend single-
stream transmission to multi-stream case. For Ns-substream
transmission a suboptimal solution is to replace fbb(k) with an
Nrf × Ns matrix Fbb(k) by choosing the Ns eigenvectors of
F†

rf Σt(k)Frf that correspond to the largest Ns eigenvalues.
2) In the above design neither the RF precoder Frf nor the

subcarrier beamformer depends on the instantaneous channels.
They are determined only by the statistics of the channel, σ2

α�
,
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mean AoD θ
t
� and φ

t
� , angular spread σθt

�
and σφt

�
, and mean

delay τ � . These statistics can be quantized and fed back to
the transmitter infrequently. To reduce feedback, we can send
back only the statistics of the clusters whose eigenvectors are
chosen to form Frf . Simulations show that the feedback of the
quantized statistics incurs a minor degradation. In addition, the
RF precoder can be obtained directly from the statistics using
Algorithm 1, not involving subcarrier channels as in [19], [26].

3) With the hybrid structure, the subcarrier beamformers are
constrained to be linear combinations of the column vectors of
Frf . Using the eigen vectors from individual clusters to from
Frf allow us to transmit signals in directions that are more
important statistically. Thus there is little degradation due to
RF limitation, particularly when there are three or more RF
chains.

4) The RF precoder Frf designed using Algorithm 1 does
not satisfy the unit modulus constraint that is typically im-
posed on the RF precoder for phase-shifter implementation
[2], [4]. It can be implemented using the two-phase-shifter-
per-coefficient (THIC) method [7], [9] by expressing each co-
efficient as the sum of two phase shifters. The phase shifters
can then be further quantized for finite resolution implemen-
tation. For single-phase-shifter implementation, the solution of
F̃rf that minimizes ||Frf − F̃rf || has been found in [5] to be
given by [F̃rf ]i,j = ej∠[Fr f ]i , j .

B. Design of Hybrid Combiners

In the discussion in Sec. 5.1, we assume that the combiner
for the k-th subcarrier is not constrained and the ideal combiner
is guc(k) = H(k)f(k), where we have added the subscript ’uc’
to indicate that they are the ideal combiners, not constrained
by a hybrid structure. When a hybrid implementation used, the
subcarrier combiners are of the form g(k) = Grf gbb(k), where
Grf is an Nr by Nr

rf matrix that is independent of subcarriers
and the baseband combiner gbb(k) can be different for each sub-
carrier. In the hybrid structure, each subcarrier combiner g(k) is
a linear combination of the Nr

rf column vectors of Grf . In other
words, M combiners are represented using only Nr

rf vectors.
This is similar to the problem considered in the LBG (Linde-
Buzo-Gray) algorithm, which finds a set of vectors to represent
a larger set. We treat the column vectors of the RF combiner,
denoted as grf ,i for i = 1, 2, · · ·Nr

rf , as the Nr
rf vectors that are

used to represent the ideal unconstrained combiners {guc(k)}.
In the LBG algorithm, the ideal combiners are clustered into
Nr

rf groups and grf ,i is the representative of the the ideal com-
biners in the ith group. For the measure of distance, we use
the projection F-norm distance [40], as the minimization of
which also maximizes the SNR in (15). The projection F-norm
distance, defined as the Frobenius norm of 1√

2
(AA† − BB†)

for two n × p semiunitary matrices A and B, reduces to
1 − |a†b|2 for two column vectors of unit norm. The LBG al-
gorithm iterates the following nearest neighbour and centroid
conditions [39].

� Nearest neighbor condition: The ideal combiners are
grouped according to the nearest neighbour rule.

Fig. 2. Average SNR for a single-ray ULA channel with (Nt , Nr ) =
(16, 16).

The ith region is given by Ri = {k : |g†
rf ,iguc(k)| ≥

|g†
rf ,mguc(k)|,m = 1, 2, . . . , Nr

rf }.
� Centroid condition: Within the ith group, we choose grf ,i

as the unit vector that minimizes the distortion
∑

k∈Ri
1 −

|g†
rf ,iguc(k)|2 . This means the optimal solution of grf ,i

is the unit eigenvector of
∑

k∈Ri
guc(k)g†

uc(k) that corre-
sponds to its largest eigenvalue.

For a given Grf , we can design gbb(k) to maximize the kth sub-
carrier SNR. Using a technique similar to that given in the proof
of Lemma 3, we can show that the optimal gbb(k) can be given in
a closed-form by gbb(k) = (Grf G

†
rf )−1/2G†

rf H(k)f(k). The
above discussion is for the single-stream case. When there are
Ns streams with Ns ≥ Nt

rf and Ns ≥ Nr
rf , one possible ap-

proach is to design the RF combiner as in the single-stream
case. The baseband combiner Gbb(k), now an Nr

rf × Ns ma-

trix, can be chosen so that G†
bb(k)G†

rf H(k)Frf Fbb(k) is an
identity matrix and we can have a zero forcing receiver.

VI. SIMULATION EXAMPLES

Consider the geometric channel model in (1). The complex
gains {α�} are assumed to be Gaussian random variables of zero
mean and unit variance, unless mentioned otherwise. UPAs or
ULAs with omnidirectional antennas are assumed. The antenna
spacing is half wavelength, thus d = 1/2 and truncated Lapla-
cian distribution is used for AoD and AoA. Narrowband trans-
mission is considered in Examples 1–3, and wideband MIMO-
OFDM in Example 4.

Example 1: Consider the channel model in (1) with only one
cluster of one ray and Pt/N0 = 0 dB. For ULA with (Nt,Nr ) =
(16, 16) and θ

t
= π/4, the average SNR is shown as a function

of the angular spread σθt in Fig. 2 . The antennas are arranged
in a line along the z-axis. The statistical beamformer (labeled as
‘stat’) is obtained through the approximation in Theorem 1. The
optimal statistical solution (labeled as ‘optimal stat’) is obtained
by first evaluating the average of H†H using 104 realizations
and then computing the dominant eigenvector. Also shown is
‘stat (computed)’, which corresponds to the maximum eigen-
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Fig. 3. Magnitude response of the statistical beamformer |F (ω1 , ω2 )| for a
channel with three clusters of fixed means.

value of the transmit covariance matrix given in (6). We see that
the three curves overlap in this case and ‘stat (computed)’ gives
a good estimate of the actual SNR. We have also shown the
average SNR computed using the lower bound given in (9). We
see the bound is more accurate for small angular spread. The
gap with ‘stat’ is less than 0.9 dB when the spread is 15◦.

Example 2: Consider the UPA channel model in (1) with
three clusters, each of ten rays and (Nt,Nr ) = (64, 16). Sup-
pose the cluster means are fixed and the means of the AoD in
elevation and azimuth (θ̄t

� , φ̄
t
�) for the three clusters are respec-

tively (0.5π, 0.2π), (0.8π, 0.3π) and (0.6π, 0.5π). The angular
spreads of AoD and AoA in azimuth and elevation are 8◦ for
each cluster. Fig. 3 shows the magnitude response |F (ω1 , ω2)|
as a function of ω1 and ω2 , where we have marked the cluster
number at frequencies corresponding to the mean of AoD, i.e.,
(ξ cos(θ̄t

�), ξ sin(θ̄t
�) sin(φ̄t

�)). We see that the peaks of the mag-
nitude response |F (ω1 , ω2)| agree with the marked frequencies.
But the peaks of |F (ω1 , ω2)| are not of the same height in these
frequencies, i.e., power allocation done implicitly. The largest
peak is at the second mean (0.8π, 0.3π), a smaller peak at the
third mean and a even smaller one at the first.

Example 3: In this example, we evaluate the performance
of the statistical beamformer for the UPA channel in (1) with 3
clusters, each of 10 rays and (Nt,Nr ) = (64, 16). The means of
the AoD in elevation and azimuth are uniformly distributed over
[0, 2π]. Fig. 4 (a) shows the average output SNR as a function of
the angular spreads (σθt

�
= σφt

�
) for Pt/N0 = 0 dB. The curves

of the statistical beamformer (‘stat’) and the optimal statisti-
cal solution (‘opt stat’) are close, especially for angular spread
smaller than 5◦. The formula in Theorem 1, though obtained
under small angular spread assumption, is useful even for mod-
erate spread. As a benchmark, we also show in the figure the
performance of the optimal beamformer when the transmitter
has full CSI. The difference is around 2.3 dB for a small an-
gular spread and increases to around 3.5 dB when the angular
spread is 10◦. Also shown in Fig. 4(a) is the average SNR of the
statistical beamformer when the coefficients are quantized due
to the use of finite resolution phase shifters. Each beamforming

Fig. 4. Statistical beamforming for UPA with (Nt , Nr ) = (64, 16),
(a) average SNR vs. angular spread, and (b) transmission rate performance.

weight is implemented as the sum of two phase shifters that are
of three-bit resolution [7], [9]. We see that the degradation due
to quantization is around 0.4 dB. Fig. 4(b) shows the transmis-
sion rate as a function of Pt/N0 when the angular spread is 5◦.
For comparison, we have shown the rate of sparse precoding
and combining (SPC) [4] for two cases of feedback bits, 8 and
10 bits. The beamforming vector therein is in the form of an
array response vector and only the elevation and azimuth angles
need to be fed back to the transmitter. The phase shifters in
SPC are also quantized using three bits. We see that the perfor-
mance of the quantized beamformer is comparable to SPC with
8 feedback bits.

Example 4: Let us consider a MIMO-OFDM system over
the frequency selective channel model in (12), in which each
cluster has 10 rays, angular spread 8◦ and mean delay uniformly
distributed over [0, NcpTs ]. The pulse shaping function p(t)
is the raised-cosine filter with roll off factor 0.5. The MIMO-
OFDM system has DFT size M = 128 and CP length = 16.
UPA antenna arrays with (Nt,Nr ) = (64, 16) are used. Fig. 5
(a) shows the transmission rate for different number of clusters
for Pt/N0 = 0 dB. The receiver is not constrained to be of a
hybrid structure, i.e., fully digital. As the number of clusters
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Fig. 5. Performance of statistical MIMO-OFDM beamforming. (a) Transmis-
sion rate vs. number of clusters for Pt /N0 = 0 dB. (b) Transmission rate vs.
SNR for Ncl = 3 and uniform distribution of σ2

α �
over [0, 1].

increases, there is more spatial diversity. But due to the normal-
ization factor γ in (12), which reduces the SNR by a factor of
Ncl , the gain due to more clusters is offset and the rate shows
a slight decrease with Ncl . We see that when the number of RF
chains at the transmitter is the same as the number of clusters in
the channel, there is no rate loss in using hybrid beamforming.
When the number of clusters is more than three, the use of three
RF chains incurs little loss. This can be understood as follows.
When there is a large number of clusters, it is likely that one
or more of them are more important than the others. Choosing
the dominant eigenvectors corresponding these clusters to form
the RF precoder yields a good representation of the subcarrier
beamformers and thus a minor degradation.

Fig. 5(b) shows the transmission rate when the channel has
three clusters and σ2

α�
is uniformly distributed over [0, 1]. The

combiners at the receiver are also of a hybrid structure. With
three RF chains at both the transmitter and receiver, we have a
small gap between the hybrid system and the one that uses fully
digital statistical beamformers at the transmitter and fully dig-
ital combiners at the receiver. For comparison, we have shown
the rate of the hybrid MIMO-OFDM system [19] with limited
feedback, 10 feedback bits for the RF precoder and 6 feedback
bits for each baseband subcarrier beamformer. Also shown in
Fig. 5(b) is the optimal fully digital MIMO-OFDM system that

has full CSI at the transmitter. When there is only one RF chain
at the transmitter and receiver, the hybrid statistical beamformer
is around 1.5 bits away from the optimal unconstrained system.
The difference narrows to around 1 bit when there are three
RF chains at both the transmitter and receiver. For the three-
RF-chain case, we have shown the rate when the RF precoder
and baseband subcarrier beamformers are obtained from quan-
tized statistics. The mean AoDs are each quantized using 5 bits
while angular spread, σ2

α�
and mean delays are each quantized

using 4 bits. We can see that the quantization incurs a minor
degradation.

VII. CONCLUSION

In this paper we consider statistical beamforming for
mmWave systems. With the assumption of small angular spread,
we show that the transmit covariance matrix can be approxi-
mated in a closed-form for narrowband mmWave channels. The
results obtained for the narrowband case also shed light on the
the design of hybrid beamformers for wideband MIMO-OFDM.
Spectral analysis suggests that each subcarrier beamformer can
be approximated as a linear combination of the statistical beam-
formers corresponding to dominant clusters. As a result sub-
carrier beamformers can be readily implemented in a hybrid
structure. For either narrowband and wideband systems, the
degradation in transmission rate due to statistical designs is
a small one, as demonstrated through simulations. Theoretical
characterization of the degradation would be an interesting topic
worth further investigation.

APPENDIX A
PROOF OF LEMMA 1

Using the property that the gain {α�,i} are independent, we
can express Σt as

Σt =
Nc l∑

�=1

EH

[
At,�D

†
�A

†
r,�Ar,�D�A

†
t,�

]
,

where the subscript of the expectation means the av-
erage is performed over H. As the AoD, AoA and
the complex gains {α�,i} are independent we get Σt =∑Nc l

�=1 E{φt
� , i ,θ

t
� , i }[At,�E�A

†
t,� ], where the N� × N� matrix E�

is given by E{α� }[D
†
�E{φr

� , i ,θ
r
� , i }[A

†
r,�Ar,� ]D� ]. Notice that E�

is a diagonal matrix as {α�,i} are independent and of zero mean.
The diagonal elements of the matrix E{φr

� , i ,θ
r
� , i }[A

†
r,�Ar,� ] are

all equal to one because ar (φr
�,i , θ

r
�,i) is of unit norm. Thus the

diagonal elements of E� is equal to the variance of α�,i , i.e,
σ2

α�
. Using the definition of the antenna response vector, we can

obtain Σt as in Lemma 1.

APPENDIX B
PROOF OF THEOREM 1

With the definition of Δθt
�,i = θt

�,i − θ
t
� , we can write the

term cos θt
�,i as cos(θ

t
�) cos(Δθt

�,i) − sin(θ
t
�) sin(Δθt

�,i). When
the angular spread is small, Δθt

�,i is small and we have
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cos(Δθt
�,i)≈1 and sin(Δθt

�,i) ≈ Δθt
�,i . Using a similar approxi-

mation for sin θt
�,i , we have sin θt

�,i sin φt
�,i ≈ sin(θ

t
�) sin(φ

t
�) +

cos(θ
t
�) sin(φ

t
�)Δθt

�,i + sin(θ
t
�) cos(φ

t
�)Δφt

�,i , where we have
ignored the second order term of Δθt

�,iΔφt
�,i . Then μ�(m,n)

can be further expressed as

μ�(m,n) ≈ ejξ(m cos θ
t

� +n sin θ
t

� sin φ
t

� )

× νΔθt
� , 1

(
−mξ sin θ

t
� + nξ cos θ

t
� sinφ

t
�

)

× νΔφt
� , 1

(
nξ sin θ

t
� cos φ

t
�

)
(19)

The result in Theorem 1 follows.

APPENDIX C
PROOF OF THEOREM 2

The SNR loss ρ can be expressed as ρ = 1
Nt

E[|F
(ejξ cos(θt ) |2 ], where F (ejω ) is the Fourier transform of the

beamformer f . Let Δ = θt − θ
t
. When σ2

θt is small, we can ap-

proximate cos(θt) as cos(θ
t
) − sin(θ

t
)Δ, as in the proof of The-

orem 1. It follows that ρ ≈ 1
Nt

E[|F (ejξ(cos(θ
t
)−sin(θ

t
)Δ))|2 ].

Thus ρ ≈ 1
Nt

∫ π

−π |F (ejξ(cos(θ
t
)−sin(θ

t
)Δ))|2P (Δ)dΔ, where

P (Δ) is the probability density function of Δ. For a
lower bound of ρ, let us consider the case that the beam-

former is the antenna response vector [f ]n = 1√
Nt

ejξ cos(θ
t
)n ,

for n = 0, 1, . . . , Nt − 1. When sin θ
t ≈ 0, we see ρ ≈ 1.

Otherwise, we have |F (ejξ(cos(θ
t
)−sin(θ

t
)Δ))|2 = 1

N 2
t
| sin(πNt

sin(θ
t
)Δ/2)/ sin(π sin(θ

t
)Δ/2)|2 , which can be further appro-

ximated as the ratio | sin(πNt sin(θ
t
)Δ/2)/(πNt sin(θ

t
)Δ/2)|2

for small Δ. Notice that the ratio is in the form of the squared sinc
function; it is small when Δ > π/β, where β = πNt sin(θ

t
). It

follows that ρ � 2
∫ π/β

−π/β (1 − cos(βΔ))/(βΔ)2P (Δ)dΔ. Ap-

proximating 1 − cos(βΔ) as (βΔ)2/2 − (βΔ)4/4!, and plug-
ging in P (Δ) for Laplacian and Gaussian distributions, we get
the bounds in (9).

APPENDIX D
PROOF OF (18)

The constraint can be written as fbb(k)†Qfbb(k) = 1, where
Q = F†

rf Frf . Let b(k) = Q1/2fbb(k), then the constraint is

simply ||bk ||2 = 1. As fbb(k) = Q−1/2bk , the objective can
be rewritten as E||H(k)Frf Q−1/2b(k)||. The optimal solution
of b(k) is the eigenvector of (Frf Q−1/2)†Σt(k)Frf Q−1/2 .
Using fbb(k) = Q−1/2b(k) and applying normalization such
that ||f(k)|| = 1, we get the results in (18).
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