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ABSTRACT
For a time-correlated channel, we consider the differential feedback
of the geometrical mean decomposition (GMD) precoder, which is
known to be optimal for a number of criteria. When the channel
varies slowly, we can expect the optimal GMD precoders of consec-
utive channel uses to be close. We consider the feedback of the so-
called differential precoder and show that it lies in a neighborhood of
the identity matrix using matrix perturbation theory. Furthermore the
radius of the neighborhood is proportional to a time-correlation pa-
rameter. Such a characterization is crucial for efficient quantization
of the differential precoder. Simulations are given to demonstrate
that, with a small feedback rate, the performance of the proposed
differential GMD comes close to the case when perfect channel state
information is available to the transmitter.

Index Terms— MIMO system, precoder, differential feedback,
time-correlated channel, geometrical mean decomposition.

1. INTRODUCTION

Multiple-input multiple-output (MIMO) systems with limited feed-
back has been widely studied in recent years [1]-[6]. It has been
demonstrated that limited feedback of channel state information
improves the performance significantly. Various feedback schemes
have been proposed. Feedback of precoder has been extensively
investigated, e.g., [2]-[4]. When there is decision feedback at the re-
ceiver, the GMD precoder is shown to be optimal for minimizing bit
error rate in [4] and codebook design is addressed therein. Feedback
of bit loading is considered in [5][6]. The channel considered in
these works is an independent fading channel, not time correlated.

In practical systems, there is substantial temporal correlation be-
tween consecutive channel uses. Exploitation of the channel correla-
tion leads to more efficient feedback of channel information [7]-[11].
Channel diagonalizing precoders are parameterized in [7] and the
differential changes of the parameters are fed back to the transmitter.
With the assumption that the channel Gram matrices of consecutive
time instants are along a geodesic curve, differential feedback of the
channel Gram matrix is presented in [8]. The temporally correlated
channel is modeled as a first-order Gauss-Markov process in [9]-[11]
to further exploit the statistics of the channel. Differential feedback
of precoder based on rotation matrices is proposed in [9]. In [10], the
difference of consecutive channel matrices is fed back to transmitter
and differential feedback of bit loading is considered in [11] using
predictive quantization.

In this paper, we consider differential quantization of the GMD
precoder for a time-correlated channel when the receiver has deci-
sion feedback. Differential feedback of precoder has also been ad-
dressed earlier [7]-[9], but the precoder considered therein are not
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optimized for error rate. When the terminal speed is low and the
channel varies slowly, we can expect the optimal GMD precoders
of consecutive channel uses to be very close. We define the so-
called differential precoder between two consecutive optimal pre-
coders and exploit properties of GMD to characterize the differen-
tial precoder. Using matrix perturbation theory, we show that the
differential precoder lies in a small neighborhood around the iden-
tity matrix for a slowly varying Gauss-Markov channel. The radius
of the neighborhood is quantified and is shown to be proportional to
a time-correlation parameter. The radius can be used in the design
of codebooks for efficient quantization of the differential precoder.
Simulations are given to demonstrate that, with a small feedback
rate, the performance of the proposed differential GMD is only 0.5
dB away from the case when the transmitter has full channel infor-
mation for a moderate moving speed. The sections are organized
as follows. In Sec. 2, we introduce the system model for the time-
varying MIMO system. Statistical characterization of the differential
precoder is presented in Sec. 3. Simulation examples are shown in
Sec. 4 and a conclusion is given in Sec. 5.

2. SYSTEMMODEL

Consider a MIMO communication system withMt transmit anten-
nas andMr receive antennas. At time n, the channel is modeled by
an Mr × Mt matrix Hn whose entries are independent and iden-
tically distributed circularly symmetric complex Gaussian random
variables with zero mean and unit variance. A useful time correlated
channel model is the first-order Gauss-Markov process [12]

Hn+1 =
√

1− ε2Hn + εWn+1, (1)

where Wn+1 is independent of Hn and its entries have the
same statistics as those of Hn. Using Jake’s model [13], ε =√

1− (J0(2πfdTs))2, where J0(·) is the zeroth order Bessel func-
tion, fd is the maximum Doppler frequency and Ts is the time
interval between consecutive channel uses. The Mr × 1 channel
noise vector qn is additive white Gaussian with zero mean and
variance N0. The precoder Fn is an Mt × M matrix, where M
is the number of substreams with M ≤ min(Mr,Mt). The in-
put vector sn is assumed to be uncorrelated, and zero mean with
E[sns

†
n] = Pt/MIM , where Pt is the total transmission power.

Fig. 1. A MIMO communication system.
Let the eigenvalue decomposition of H†nHn be VnΛnV

†
n,

where Vn is an Mt × Mt unitary matrix and the diagonal ma-
trix Λn contains the eigenvalues in nonincreasing order, i.e.,
λn,0 ≥ λn,1 ≥ · · · ≥ λn,Mt−1. Let theM ×M leading principal



matrix of Λn be [Λn]M . Compute the geometric mean decomposi-
tion of [Λn]

1/2
M [14],

[Λn]
1/2
M = QnRnP

†
n, (2)

whereQn andPn areM×M unitary matrices andRn is upper tri-
angular with [Rn]k,k = (

∏M−1
j=0 λn,j)

1/2M . When the zero-forcing
decision feedback equalizer is used, the optimal precoder that mini-
mizes the mean square error and average error rate have been shown
to be [4][5]

Fn = Vn,0Pn, (3)
where Vn,0 contains the first M columns of Vn. The optimal
precoder consists of two parts, Vn,0 and Pn. The first part Vn,0,
formed by the singular vectors of Hn, diagonalizes the channel
while the second partPn has the effect of equalizing the subchannel
SNRs [4] and will be termed the SNR equalizer.

3. FEEDBACKOF DIFFERENTIAL GMD PRECODER

When the channel is time correlated, we can expect the optimal pre-
coder of consecutive channel uses to be correlated as well. Without
loss of generality, the precoder at time n+ 1 can be expressed as

Fn+1 = Fa,nEn, (4)

whereEn, anMt×M semi-unitary matrix satisfyingE†nEn = IM ,
will be called the differential precoder. The notationA† denotes the
transpose conjugate of a matrix A. The Mt ×Mt matrix Fa,n is
given byFa,n = [Fn Un], whereUn is anMt× (Mt−M)matrix
chosen in a deterministic manner from Fn such that Fa,n is unitary.
For example, we can choose Fa,n = [Fn Vn,1], whereVn,1 is the
matrix that contains the last Mt − M columns of Vn. With the
feedback of En, the transmitter can compute the precoder at n + 1
from the current precoder. From (4), we can write En as

En = F
†
a,nFn+1. (5)

Consider the special case Hn+1 = Hn. The differential precoder
matrixEn in (5) becomes [IM 0]T . When the channel varies slowly,
i.e.,Hn+1 ≈ Hn, it can be expected thatEn is in the neighborhood
of [IM 0]T . As we will see such a neighborhood can be charac-
terized. To simply the notations, the time index is omitted in the
following discussion and An+1, An are denoted by Ã and A, re-
spectively.

Define the average distance between E and [IM 0]T as

Dε =
√

E
[‖E − [IM 0]T ‖2F

]
, (6)

where ‖A‖F denotes the Frobenius norm of a matrix A. The opti-
mal precoder at time n depends on V and P. Thus E depends on
V and P as well Ṽ and P̃. From [4], we know that V and P are
statistically independent. It is reasonable thatV and P̃ (likewise Ṽ
andP) are also statistically independent. In the following, we derive
a bound ofDε that will give us some insight on howDε is related to
the variation of the channel.

Lemma 1. Assume P and P̃ are respectively statistically indepen-
dent of Ṽ andV. The average distance Dε satisfies

Dε ≤
√

E[Dv,0 +Dv,1 +Dp] + 2
√

E[Dv,0]E[Dp], (7)

where Dv,0 = ‖Ṽ†0V0 − IM‖2F , Dv,1 = ‖Ṽ†1V0‖2F , (8)

and Dp = ‖P†P̃− IM‖2F . (9)

See Appendix A for a proof. Observe from (8) that
√

Dv,0 +Dv,1

represents the distance from Ṽ†V0 to [IM 0]T . On the other
hand,

√
Dp is the distance between P and the perturbed matrix

P̃. Thus E[Dp] corresponds to the perturbation of SNR equalizer
and E[Dv,0 +Dv,1] corresponds to the perturbation of eigenspace.
In the following two subsections, we quantify the perturbations of
eigenspace and SNR equalizer for the Gauss-Markov channel in (1).

3.1. Perturbation of eigenspace

Consider the time-correlated channel model given in (1), we have

H̃
†
H̃ = H

†
H+ ε

√
1− ε2Δ0 + ε2Δ1, (10)

where Δ0 = H†W̃ + W̃†H and Δ1 = W̃†W̃ −H†H. When
the time-correlated channel is changing slowly, i.e., ε is small, H̃†H̃
can be viewed as a perturbation of H†H. There are many results
in the literature on the perturbation of matrices [15][16]. In these
studies, Dv,1 = ‖Ṽ†1V0‖2F is regarded as eigenspace variation and
various bounds have been derived. However there is no discussion
on Dv,1 +Dv,0, to the best of our knowledge. In the following, we
use a technique similar to that in [15] to derive a bound for Dv,1 +
Dv,0. Then Dv,0 can be bounded in a similar manner.

The column vectors of V0 correspond to the eigenvectors of
H†H and they are not uniquely determined. However we can al-
ways choose Ṽ0 such that [Ṽ†0V0]jj is a positive real number for
all j. In this case, we have the following second order approxima-
tion of the perturbation of eigenspace when ε is small.

Lemma 2. Assume λ̃i �= λj for 0 ≤ i ≤ Mt − 1 and 0 ≤ j ≤
M − 1. A second order approximation of Dv,0 +Dv,1 is given by

Dv,0 +Dv,1 ≈ ε2
Mt−1∑
i=0

M−1∑
j=0,j �=i

|[Ṽ†Δ0V]ij |2/(λ̃i − λj)
2.

See Appendix B for a proof. Notice that an upper bound for the term∑Mt−1
i=0

∑M−1
j=0,j �=i |[Ṽ†Δ0V]ij |2 is ‖Ṽ†Δ0V0‖2F . Thus Lemma

2 implies

Dv,0 +Dv,1 � ε2 max
i,j∈S1

‖Δ0V0‖2F /(λ̃i − λj)
2,

where S1 = {j �= i, i, j ∈ N | 0 ≤ i ≤ Mt − 1, 0 ≤ j ≤
M − 1}. The above expression depends the distance between λ̃i

and λj . Using perturbation theory for matrix eigenvalues [17], the
distance satisfies |λ̃i−λi| � εζ1, where ζ1 = ‖(H†W̃+W̃†H)‖2
and ‖A‖2 denotes the two norm of a matrix A. Using this result
and ignoring the third or higher order terms of ε, we obtain an upper
bound that depends on the singular values of the current channel but
not those of the previous channel, given by

Dv,0 +Dv,1 � ε2 max
i,j∈S1

1

(λi − λj)2
‖Δ0V0‖2F . (11)

Similarly, we can show Dv,0 � ε2 maxi,j∈S0
‖Δ0V0‖2F /(λi −

λj)
2, where S0 = {j �= i, i, j ∈ N | 0 ≤ i ≤ M − 1, 0 ≤ j ≤

M − 1}. These results lead to the following result on the average
perturbation of eigenspace.

Theorem 1. Consider the Gauss-Markov channel in (1). For a small
ε, we have E[Dv,0 +Dv,1] � ε2ρv,1 and E[Dv,0] � ε2ρv,0, where

ρv,k = EH

[
max
i,j∈Sk

η0
(λi − λj)2

]
, (12)



and η0 = Mt

∑M−1
�=0 λ� +M

∑Mt−1
�=0 λ�.

Proof. (12) can be obtained by taking expectation of the bound in
(11). A sketch of proof is given below. The computation requires
averaging over the random matrices H and W̃. To do this, we
observe that W̃ is independent of the channelH, so the expectation
E[Dv,0 +Dv,1] can be obtained using EH[E

W̃
[Dv,0 + Dv,1|H]].

Also observe that the elements of W̃ are i.i.d. Gaussian with
zero mean and unit variance, so E

W̃
[W̃†KW̃] = tr(K)IMt

and
E

W̃
[W̃GW̃] = 0 for a deterministic Mr × Mr matrix K and

Mt × Mr matrix G. The theorem can be proved using these two
observations.

The bound in Theorem 1 shows that the perturbation of eigenspace
is proportional to ε2. The constants ρv,k in (12) depend on {λ�},
the eigenvalues of H†H. As the elements of H are i.i.d complex
Gaussian random variables with zero mean and unit variance, the
matrix H†H has a Wishart distribution. Thus the joint probability
density function for the ordered eigenvalues of a Wishart matrix in
[18] can be used to compute the expectation ρv,k in (12).

3.2. Perturbation of SNR equalizer

We first review a closed form solution of P that helps to establish
a connection between Dp and the perturbation of eigenvalues. To
ease the derivation of the perturbation of SNR equalizer, we consider
M = 3. The caseM = 2 follows directly. Derivation for a general
M can be found in [19].

It is known that the SNR equalizer P can be expressed as a
product of permutation matrices and Givens rotations [14]. Define
αk =

√
(λk − λ)/(λk − dk), βk =

√
(λ− dk)/(λk − dk) for

k = 0, 1, where λ = (λ0λ1λ2)
1/3, d0 = λ2 and d1 = λ0λ2/λ.

Then P = A0A1 [14], where

A0 =

⎡
⎣α0 −β0 0
0 0 1
β0 α0 0

⎤
⎦ , A1 =

⎡
⎣1 0 0
0 α1 −β1

0 β1 α1

⎤
⎦ . (13)

Similarly, P̃ can be given in terms of α̃k and β̃k. We also define
θk = sin−1 αk , θ̃k = sin−1 α̃k . Then δk = θ̃k − θk represents the
perturbation in rotation angles. We show in Appendix C thatDp can
be approximated nicely as

Dp ≈ 2(δ20 + δ21). (14)

Although the statistical properties of δ2k are not readily available,
they can be bounded from above using eigenvalues λi that are sta-
tistically more tractable, as we will see next. Using δk ≈ sin δk and
sin δk = sin(θ̃k − θk), we have δk ≈ αkβk(α̃kα

−1
k − β̃kβ

−1
k ) for

a small ε. Notice that α̃kα
−1
k and β̃kβ

−1
k are both close to one. For

x ≈ 1, Taylor approximation yields
√
x ≈ (x + 1)/2. This means

α̃kα
−1
k ≈ α̃2

kα
−2
k /2 + 1/2 and β̃kβ

−1
k ≈ β̃2

kβ
−2
k /2 + 1/2. Thus

we have δk ≈ (1 + α̃kα
−1
k )(α̃k −αk)/(2βk). Substituting the def-

initions of αk and βk to the approximation and ignoring the second
and higher order terms of ε, we obtain

δk ≈ νkc
T
k y, (15)

where y = [λ̃0 − λ0 λ̃2 − λ2 λ̃1 − λ1]
T ,

c0 =

⎡
⎢⎣ ( 3d0

λ2−d0
− λ

λ2−λ
) 1
λ0

(− 3λ2

λ2−d0
+ 3λ2−λ

λ2−λ
) 1
λ2

−λ
(λ2−λ)λ1

⎤
⎥⎦ , c1 =

⎡
⎢⎣ ( 2d1

λ1−d1
− λ

λ1−λ
) 1
λ0

( 2d1
λ1−d1

− λ
λ1−λ

) 1
λ2

(− 3λ1+d1
λ1−d1

+ 3λ1−λ
λ1−λ

) 1
λ1

⎤
⎥⎦ ,

ν0 =
√

(λ2 − λ)/36(λ− d0) and ν1 =
√

(λ1 − λ)/36(λ − d1).
Applying the Cauchy-Schwarz inequality, we have
δ2k � ν2

k‖ck‖2
∑2

j=0(λ̃j − λj)
2. This leads to

Dp � 2(ν2
0‖c0‖2 + ν2

1‖c1‖2)
2∑

j=0

(λ̃j − λj)
2. (16)

The right hand side of the above equation depends only on {λj}
and perturbation of eigenvalues. Using perturbation result for eigen-
values [17], we know

∑Mt−1
j=0 (λ̃j − λj)

2 � ε2ζ0, where ζ0 =

‖(H†W̃+W̃†H)‖2F . Thus we can obtainDp � 2ε2ζ0
∑1

k=0 ν
2
k‖ck‖2.

Taking expectation of both sides by using the technique in the proof
of Theorem 1, we arrive at the following theorem.

Theorem 2. Consider the Gauss-Markov channel in (1). When ε is
small, E[Dp] can be bounded by E[Dp] � ε2ρp, where

ρp = 4MtEH

[Mt−1∑
j=0

λj

M−2∑
k=0

ν2
k‖ck‖2

]
. (17)

Combining Theorem 1 and 2, we obtain

Dε � εγ, (18)

where γ =
√

ρv,1 + ρp + 2
√
ρv,0ρp. The constant γ can be com-

puted numerically using the joint probability density function for the
ordered eigenvalues of a Wishart matrix [18]. The result means that
the differential precoder E lies in a neighborhood of [IM 0]T with
radius εγ. The radius is proportional to ε as the constant γ does not
depend on ε. We can use this result to design codebook for the dif-
ferential precoder E. One possible approach is to perturb [IM 0]T

and apply Gram Schmidt orthogonalization to the perturbed matrix
as described in [19]. This codebook design method is adopted in the
simulation examples.

4. SIMULATIONS

In the examples, we consider Mr = 4, Mt = 4 and M = 3.
The time-correlated channel is generated using the first-order Gauss-
Markov process in (1) and the optimal decision feedback receiver [4]
is adopted in all the systems compared. Let Bf be the feedback bits
within a time instant. The transmission rate is 12 bits per channel,
the transmission power is equally divided among all the substreams,
and the feedback rate isBf = 2. We have used for fc = 2.5∗109Hz
and Ts = 2ms as in [20]. In this case, a terminal speed of 3 km/hr,
a speed of interest in an indoor or microcellular environment [20],
corresponds to ε = 0.06.
Example 1. Fig 2 shows the performance of the proposed differen-
tial GMD system designed according to the upper bound ofDε in (6)
for ε = 0.02, 0.06, and 0.1, where 0.02 and 0.1 correspond to termi-
nal speed 1 km/hr and 5 km/hr, respectively. We have also shown the
case when the system is designed using Dε in (18) that is computed
by averaging over 105 random channels. The performance of the
two are very close for all three cases of ε. The upper bound in (18),
although an overestimate of Dε, provides a useful estimate of Dε.
We have also compared with ”unquantized”, for which the transmit-
ter has perfect channel knowledge and the precoder is not quantized.
For ε = 0.02 and ε = 0.06, the quantized differential GMD with
Bf = 2 is within 0.5 dB of ”unquantized” when BER= 10−4.
Example 2. In this example we show the BER of the proposed
method and other feedback systems for the same feedback rateBf =
2. The differential precoder system based on the rotation matrix in
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Fig. 2. Example 1. BER performance of the differential GMD sys-
tem designed according to two radiuses for the differential precoder.

[9] and the geodesic curves in [8] are labeled as ’differential rota-
tion’ and ’geodesic’, respectively. For ’differential channel’ [10],
the feedback information is the difference of consecutive channels.
We also compare with the GMD precoder [4] that does not take the
correlation into consideration. The results are shown in Fig. 3 for
ε = 0.06. We can see that the proposed feedback scheme has a
good BER performance. This is because GMD with full channel in-
formation achieves the minimum BER and the performance of our
proposed method is very close to the unquantized GMD.

5. CONCLUSION

In this paper, we consider differential quantization of GMD precoder
for a time-correlated channel. Modeling the time-correlated chan-
nel as a first-order Gauss-Markov process, we show the differential
precoder is in the neighborhood of the identity matrix for a small
ε. Moreover we derive an upper bound of the radius of the neigh-
borhood and show it is proportional to ε. The result is very useful
towards the codebook design for the differential precoder, as demon-
strated by simulations. With a small feedback rate, the performance
of the proposed differential GMD comes close to that of GMD with
perfect channel state information at the transmitter.

6. APPENDIX

6.1. Appendix A: Proof of Lemma 1

From (3) and (5), E can be expressed as E =
[
V0P V1

]†
Ṽ0P̃,

so we have ‖E−[IM 0]T ‖2F = ‖P†V†0Ṽ0P̃−IM‖2F+‖V†1Ṽ0P̃‖2F .
Using P†V†0Ṽ0P̃− IM = P†(V†0Ṽ0 − IM )P̃+P†P̃− IM and
‖A+B‖F ≤ ‖A‖F + ‖B‖F , we obtain ‖P†V†0Ṽ0P̃− IM‖2F ≤
‖P†(V†0Ṽ0−IM )P̃‖2F+2‖P†(V†0Ṽ0−IM )P̃‖F ‖P†P̃−IM‖F+

‖P†P̃− IM‖2F . We know that the Frobenius norm is an unitary in-
variance norm and ‖V†1Ṽ0‖2F = ‖Ṽ†1V0‖2F . Thus we have the up-
per bound for Dε,

√
E[Dv,0 +Dv,1 +Dp] + 2E[

√
Dv,0

√
Dp].
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Fig. 3. Example 2. BER performance for ε = 0.06.

When P and P̃ are respectively statistically independent of Ṽ and
V, we have E[

√
Dv,0

√
Dp] = E[

√
Dv,0]E[

√
Dp]. Using the

Jensen’s inequality E[
√
x2] ≤

√
E[x2], the result follows.

6.2. Appendix B: Proof of Lemma 2

Pre- and post-multiplying (10) by Ṽ† and V, respectively and con-
sidering the ijth element of the left and right hand side, we obtain
[Ṽ†V]ij(λ̃i−λj) = ε

√
1− ε2[Ṽ†Δ0V]ij+ε2[Ṽ†Δ1V]ij .When

λ̃i �= λj for 0 ≤ i ≤Mt − 1 and 0 ≤ j ≤M − 1, the ijth element
of Ṽ†V can be written as

[Ṽ†V]ij =
(
ε
√

1− ε2[Ṽ†Δ0V]ij + ε2[Ṽ†Δ1V]ij
)/

(λ̃i − λj).
(19)

When [Ṽ†0V0]jj is a positive real number for all j, Dv,0 +Dv,1 in
(8) becomes

Dv,0+Dv,1 =
M−1∑
j=0

(1− [Ṽ†0V0]jj)
2+

Mt−1∑
i=0

M−1∑
j=0,j �=i

|[Ṽ†V0]ij |2.

(20)
Using (19) and [Ṽ†0V0]

2
jj = 1 −∑Mt−1

i=0,i�=j |[Ṽ†V0]ij |2, it can be
shown that (1− [Ṽ†0V0]jj)

2 is in the order of ε4. The proof can be
found in [19]. Thus (20) can be approximated as Dv,0 + Dv,1 ≈∑Mt−1

i=0

∑M−1
j=0,j �=i |[Ṽ†V0]ij |2. Combining the approximation and

(19), we obtain the result.

6.3. Appendix C: Proof of (14)

Using the fact that P and P̃ are real and unitary and ‖A‖2F =

tr(A†A), we can rewriteDp in (9) asDp = 2
∑M−1

k=0 (1− p̃
†
kpk).

With (13), it can be verified that p̃†0p0 = α0α̃0 + β0β̃0, p̃†1p1 =

α1α̃1(α0α̃0 + β0β̃0) + β1β̃1 and p̃†2p2 = β1β̃1(α0α̃0 + β0β̃0) +

α1α̃1. On the other hand, cos δk = cos(θ̃k − θk), i.e., cos δk =

αkα̃k + βkβ̃k . When δk is small, we obtain cos δk ≈ 1 − δ2k/2.
Using these results, we arrive at (14).
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